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Abstract
We consider a two-country multi-factor quadratic Gaussian model
and provide eﬃcient formulas for the price of default free bonds and
the calibration of the model to the default free discount term structure.
We also provide approximations for the price of default free swaptions
in such a model indicating the limitation of using an approach based
on replacing certain martingales by their expectation.
1 Introduction
The Black and Scholes(BLSC) model(see Black (1976) and Black & Scholes
(1973)) is used by market participants to quote the implied volatilities of
caps, ﬂoors and swaptions. The BLSC model assumes that the libor(swap)
rate has constant volatility contrary to the fact that the implied volatility of
quoted caps as well as ﬂoors(swaptions) exhibit a term structure of volatilities
that vary with the strike price and maturity of the interest rate option. This
term structure of implied volatilities is referred to the smile or the skew
implied by the interest rate option. In order to consistent with the smile,
various models have been proposed in the literature. The lognormal libor
rate model(LLM)(the lognormal swap rate model(LSM))(see Brace, Gatarek
￿Samson.Assefa-1@uts.edu.au, School of Finance and Economics University of Tech-
nology, Sydney PO Box 123 Broadway NSW 2007 Australia
1and Musiela (1997), Musiela and Rutkowski (2005) and Brigo and Mercurio
(2006) for a detailed discussion) have been extended by some researchers
to account for the smile through the introduction of stochastic volatility and
jumps in the dynamics of the libor or swap rate. However using a libor market
model or a swap market model to price exotic interest rate contracts can be
a computationally intensive task. Therefore some market participants prefer
to use factor models to price interest rate contracts. Moreover there has
been some suggestions by some practitioners to use models that require less
computational eﬀort(see, e.g, Mercurio and Pallavivini (2005) or Andreasen
(2006)). The quadratic Gaussian model can be used as a basis for such a
model similar to what has been done in Mercurio and Pallavivini (2005)
using a Gaussian short rate model. The quadratic Gaussian factor model
was introduced by Beaglehole and Tenney (1991) and analyzed further in El
Karoui et al. (1991) and Jamshidian (1996). There has been further work on
applying the quadratic Gaussian factor model to price default free interest
rate derivatives and empirical results on ﬁtting the model to historical data
(see Cherif and Durand (1995), Boyle and Tian (1999), Pelsser (2000), Ahn,
Dittmar and Gallant (2002), Leippold and Wu (2002), Leippold and Wu
(2003), Chen et al. (2003), Kim (2004) and Chen et al. (2006)). However
the computation of the closed form price of the default free zero coupon bonds
can be computationally intensive. We give computationally eﬃcient formulas
for the computation of the price in the multi-factor quadratic Gaussian model
extending the formulas that were given in Pelsser (2000) for the single factor
quadratic Gaussian model. In addition to deriving eﬃcient formulas for
the price of zero coupon bonds, we also extend the formula which is used
to calibrate the quadratic Gaussian model(see Pelsser (2000)) to the term
structure of default free zero coupon bonds from the single factor model to
the general multi-factor model.
In the multi-factor quadratic Gaussian model, one can price caps and
ﬂoors accurately and eﬃciently using the Fourier transform technique. The
exact pricing of swaptions on the other hand cannot be done through closed
form formulas in the multi-factor quadratic Gaussian model. For pricing
correlation sensitive interest rate contracts, it is important to calibrate to
market information which is represented by the quotes of liquid swaption
prices(see Brigo and Mercurio (2006) and Mercurio and Pallavivini (2005)).
Since we do not have exact formulas for swaption prices in the multi-factor
quadratic Gaussian model, it is important to have approximations which can
make the calibration of the model to swaption prices easier. Hence we in-
2vestigate diﬀerent approximations that are based on replacing the ratio of
default free zero coupon price to the sum of default free zero coupon bond
prices by their time zero values. This technique was introduced in Rebon-
ato (1998) and is popular in deriving approximation to the price of interest
rate options(see, e.g. Brigo and Mercurio (2006), d’Aspremont (2003) and
Schrager and Pelsser (2006)). There is some work in the pricing of default free
swaptions in a factor model(see, e.g.,Collin-Dufresne and Goldstein (2002),
Tanaka et al. (2005) and Schrager and Pelsser (2006)) and in the context of
libor market models(see e.g. d’Aspremont (2003)). However none of these
papers directly address the pricing of swaptions in a quadratic Gaussian
factor framework. The paper by Tanaka et al. (2005) mentions a Gram-
Charlier expansion framework that can be used also in quadratic Gaussian
models but it does not go into the details of the implementation. The results
presented in Schrager and Pelsser (2006) for aﬃne factor models could be
applied to quadratic Gaussian models by mapping the quadratic Gaussian
model to an equivalent aﬃne factor model with more factors than the original
model through the procedure given in Cheng and Scaillet (2004). We give an
approximation for the price of default free swaptions which is shown to be
accurate through numerical experiments. We also investigate the limitations
of approximation formulas based on the technique of replacing the ratio of
default free zero coupon price to the sum of default free zero coupon bond
prices by their time zero values in the context of a multi-factor quadratic
Gaussian model through numerical experiments.
2 The Model
In the following we consider a model for the default free term structures of two
economies, a domestic economy and a foreign economy. To model the interest
rate term structures of a domestic and foreign market and the movement
of the exchange rate between the two economies, we now assume that we
have two ﬁltered probability spaces. Let
p˜ Ω,F,Qi
q represent the ﬁltered


















q is generated by n
independent standard Brownian motions Wt
￿ Wjt,j
￿ 1,...,n under Qd.
The n Brownian motions represent the information generated by a domestic
economy, a foreign economy and the movement of the exchange rate between
3the economies. The exchange rate is deﬁned to be the value of one unit of
foreign currency in terms of domestic currency. The reason that we assume
that there is extra information in the movement of the exchange rate between
the domestic and foreign market is due to the empirical results reported in
Leippold and Wu (2002) that adding factors corresponding to the exchange
rate that are independent of the factors that represent the term structures
of the two economies explains the volatilities in the exchange rate which are
independent of the movement of the term structures of the two economies.












which is an n-dimensional Gaussian Ornstein-Uhlenbeck process under the






















q and A and Σ are constant square matrices. We assume
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4as the state variables. Note there is no loss of generality in assuming (2)
as we can write the general case of a Gaussian Ornstein Uhlenbeck process
















































However it is better to use (2) as it makes it easier to derive calibration
of the quadratic Gaussian model to the term structure of default free and
defaultable zero coupon bonds through α
pt
q.



























where Ii is used to denote a matrix that has a one or a zero for the diagonal
element of row k,k
P
t1,...,n
u depending on whether the kth factor is used
to model ri
t or not. All oﬀ-diagonal elements of Ii
pi
￿ d,f
q are taken to
be equal to zero. We use In :
￿ Id
￿ If to denote the identity matrix of
dimension n. We denote by Di
pt
q,i
￿ d,f the default free savings account
which is the value of investing one unit of currency at time t
￿ 0 and rolling















Suppose GT is some stochastic process and we are considering the ex-
pectation GT with under a given measure M and with respect to the sigma







































If we model the default free interest rates ri
t,i
￿ d,f by quadratic forms
of multivariate quadratic Gaussian processes, default free zero coupon bond
prices P i
pt,T
q are log-quadratic Gaussian. Let 0n
￿n denote the n
￿ n zero
matrix which is the matrix which has all elements equal to zero and 0n denote
the column vector of length n with all elements equal to zero. We state the
following general result obtained in El Karoui et al. (1991) which is also
valid even if the matrices A and Σ in (2) are time dependent. Let At and
Σt denote time dependent speed of mean reversion matrix and instantaneous
volatility matrix for the general case considered in El Karoui et al. (1991).
We also have in the general case a non-zero drift vector µt in the dynamics
of Yt in (1). In the following Tr
rU
s represents the trace of the matrix U.
Theorem 1 (El Karoui, Viswanathan and Myneni). If we assume that the

























is a time dependent vector of dimension n and ˆ Ai
pt
q is a time dependent
scalar, then the price of a default free zero coupon bond which is denoted by
P i
pt,T












































































































































In general if we consider the matrices A,Σ in (1) to be time dependent,
we cannot guarantee the existence of a closed form solution of the Riccati
equations given by (10). However if we assume A,Σ are constant, Freiling
(2002)(see the Appendix) present an analytic solution of matrix Riccati equa-
tions of type (10). Applying Theorem 1, the price of the domestic default free
zero coupon bond which we denoted by P d
pt,T
q is log-quadratic Gaussian.
Note that there is no drift term in the dynamics of Yt which is given by (1).
We can apply Theorem 7 or Theorem 8 given in the appendix to solve the












represents the solution of the system of linear ordinary diﬀerential equations










































We can use Qd
pt,T




















7Using direct integration and the boundary conditions for (11), we get an


























The solution of Ad
pt,T




































Let Td denote the domestic default free forward measure corresponding to
using P d
pt,T
q as the numeraire. Let V d
pt,T
q denote the variance-covariance
matrix of YT under the measure Td conditional on Ft and Md
pt,T
q denote
the vector representing the mean of YT under the measure Td conditional on





By Itˆ o’s formula, the stochastic diﬀerential equation(SDE) satisﬁed by the










































is a Brownian motion under the measure Td. Hence the dynamics of Yt under








































8we can solve the Ornstein Uhlenbeck equation (21) explicitly for Yt by using
Qd
pt,T
































We can calculate Md
pt,T











































































is a martingale(see, e.g., Karatzas and Shreve (1987)) in (24) to get (25).
1Consider the SDE that is satisﬁed by Qd
pt,T
q
￿1Yt which can be solved by direct
integration.
9The conditional variance V d
pt,T












































































































s is a martingale on the expres-















































The quadratic variation of Ft which is denoted by
  F
¡t is the unique





is a martingale. Moreover the quadratic variation of Ft is given by(see, e.g.,


































We therefore have proven the following lemma.
10Lemma 2.1. The conditional mean Md
pt,T
q and variance-covariance matrix
V d
pt,T












































The computation of V d
pt,T
q involves a single integral while the compu-
tation of Md
pt,T
q involves an integrand that is a double integrand. This will





which is given in Cherif et al. (1994)(see Lemma 5.1 in the appendix), a re-
sult which is valid in the more general case of time dependent speed of mean
reversion matrix A
pt
q and a time dependent variance-covariance matrix Σ
pt
q
for the state variable Yt. From Lemma 5.1(see the appendix), it follows that
V d
pt,T
q can be obtained by solving a matrix Riccati diﬀerential equation
while Md
pt,T
q can be obtained by solving a system of ODE’s. We provide




q in the following lemma by









































































































Proof: The formula given by (34) is obtained by solving the matrix Ric-
cati equation (218) given in the appendix. The solution of (218) is obtained
using Theorem 7 which is also given in the appendix. The solution of the




q as an integrating factor similar to the method used to solve for
Bd
pt,T
q(see (16)) and applying the boundary conditions.
Deﬁnition 1. Let St denote the foreign exchange rate between the domestic
and foreign economy i.e St is the value of one unit of foreign currency in
terms of units of domestic currency.



















then we can have a closed form formula for St using the result given by
Theorem 10 in the appendix.










































































































































Proof: Using Theorem 7, we can solve (223). We then use QS
pt
q as an
integrating factor to obtain the solution of (224). To solve (225), we can use
direct integration.
￿
12The initial data is given by the value of the foreign exchange rate at time
t






q are known. Note however that we
set up our model such that Y0
￿
p0,...,0
q. Therefore the value of CS
p0
q
is not restricted by the initial data for the foreign exchange rate. A similar
statement is true with regards to BS
p0
q. The value of AS
p0
q is determined
by the foreign exchange rate data at time t
￿ 0.
















is a standard Brownian motion under the foreign risk neutral measure Qf.























t is given by (7), it follows by Theorem 1 that P f
pt,T


























q is a symmetric matrix of dimension n
￿n, Bf
pt,T
q is a vector
of dimension n and Af
pt,T







q are obtained by solving the corre-
sponding matrix Riccati equation, system of linear ODE’s and scalar ODE
respectively. However solving the matrix Riccati equation that is satisﬁed by
Cf
pt,T
q will involve time dependent coeﬃcients. This is because the speed











is time dependent under Qf. Therefore it is not clear how to solve in closed
form the matrix Riccati equation corresponding to Cf
pt,T
q by applying The-
orem 7 as the corresponding system of linear ODE has time dependent coef-
ﬁcients. However we can still give a closed form formula for P f
pt,T
q using a
diﬀerent approach. Let Tf denote the foreign default free forward measure
corresponding to using P f
pt,T
q as the numeraire. Before we state the next
theorem we will state the following well known result which will be used in
the proof of the theorem. The change of measure from the domestic forward
13measure Td to the foreign forward measure Tf is done through the forward
exchange rate (see, e.g., Cherif and El Karoui (1993) or Schl¨ ogl (2002)) which
is denoted by X
pt,T












Since Td is the domestic default free forward measure corresponding to using
P d
pt,T
q as the numeraire, it follows from (45) that X
pt,T
q is a martingale
under Td. Therefore the dynamics of X
pt,T



















































































Thus the dynamics of Yt under the foreign forward measure Tf can be ob-




























We now give a closed form formula for Cf
pt,T
q.
Theorem 2. We can get Cf
pt,T

























































































































































































On the other hand using the result of Cherif et al. (1994) given in Lemma 5.3(see
the appendix), we can ﬁnd the mean Mf
pt,T
q directly. Recall from (32),
Md
pt,T























The change of measure from the domestic forward measure Td to the foreign
forward measure Tf is done through the forward exchange rate (see (45))


























































































































We can therefore solve (51) for Cf
pt,T

















































































































which are obtained applying Theorem 10(see (11)). Since Qf
pt,T
q satisﬁes






















J can be used as an integrating factor to solve (60). This gives us
(58). Using (12), we have that Af
pt,T











































We get (59) by direct integration of (62).




q given by (17) and
(18) are not eﬃcient as they involve multi-dimensional integrals. Moreover
we cannot use cubature(Cools and Haegemans (2003)) for the eﬃcient nu-
merical evaluation of the three dimensional integral required to solve for
Ad
pt,T
q. This is because Bd
pt,T















q is a non-linear function of the one-dimensional integral α
ps
q.




q given by (58) and (59).
For the one dimensional quadratic Gaussian factor model, Pelsser (2000)







￿ d,f. Here we extend these formulas to the multi-dimensional
quadratic Gaussian model. We also give more eﬃcient formulas than (40)




q. To simplify the discussion




















q denote the domestic default free forward rate as seen from the
date t













Let 1 denote the column vector of dimension n which has all its elements






































































and nd is the number of factors used to model rd
t.
17Proof: First we use the following known result(see Corollary 11.3.1 in























































































Using the formula given in (33) for Md
pt,T
q and matching quadratic terms


















We do not use (69) here but this result will be used in another lemma.




































































































































































































¡ 0 using single dimensional integrals2. Using


































































































































written as a single dimensional integral.
19where nd is the number of factors used to model rd
























Integrating both sides completes the proof of the lemma.














































































































































































































































































































20Proof: We prove the lemma using the approach used by Pelsser (2000)
for the one factor quadratic Gaussian model. Speciﬁcally we use the fact
that under Td, the value of contingent claims normalized by the default free
bond of maturity T are martingales. Therefore if we assume T

























































Since we know the moment generating function of a quadratic form in Gaus-














































is a quadratic form in the Gaussian random vector YT with a known mean
vector M
pt,T
q and variance covariance matrix V d
pt,T
q under the forward
measure Td (note the mean and variance are with respect to the ﬁltration Ft).
Thus (85) can be obtained by evaluating the moment generating function of
the quadratic form (86) at the value z
￿ 1.
Therefore a straightforward application of the moment generating func-













































































































21We now use (35) from lemma 2.2 for the mean Md
pt,T
q in (87) and match
quadratic terms with quadratic terms, linear terms with linear terms and






















































































































































































































































22We can thus write (91) in terms of t and T by substituting 0 for t, t for T












































and then substitute (92) in (93) which proves (80).
We can use the formula for Bd
pt,T
q as given in (80) to ﬁnd the derivative
BTBd
pt,T




¡ 0 as claimed in the proof of lemma 2.5. To do so we use (69) for
BTCd
pt,T




































































































































































































































































23Thus for the special case of t


















































































































Now substituting t for T and T for S in (96) proves (82).





q using mostly quadrature as we have at most one dimensional



















































































We can simplify (98) by multiplying both sides of the equation by If as If












































Therefore the calculation of IfMd
p0,T
q can also be done using one-dimensional
integrals. We can therefore also calculate Mf
p0,T
q using one dimensional




























24and (106) can be used to calculate BS
pt
q eﬃciently. The following lemma


















































































































































































































































































































































































































































































q is a quadratic form in Gaussian random vari-


















and matching quadratic terms with quadratic terms we get (105). To get
(106), we match linear terms with linear terms in (110) and use that Y0
￿ 0n.
Using Y0




































































and this gives us (107).
Theorem 3. We can calibrate to the default free term structure at t
￿ 0
given in terms of forward rates F
p0,T





























where A is the speed of mean reversion diagonal matrix in the dynamics of
Yt given in (2).
































































































































































in (116) and noting that Idα
p0
q is equal to ˜ F d
p0
q, we obtain the following

























This completes the proof of the theorem which generalizes the result given
in Pelsser (2000).


























































































































































































































































We can now proceed as in the proof of Theorem 3 to get (118).
3We have deﬁned ˜ Ff
pT
q in the statement of Lemma 2.6
283 Pricing Swaptions under the Forward Mea-
sure
In this section we assume we have a quadratic Gaussian factor model based on
a Gaussian Ornstein-Uhlenbeck multivariate factor Yt as in (2). We consider
the pricing of swaptions under the domestic risk neutral measure whereby we
use the same notation used in the previous section for the relevant quantities
with the exception that we drop the superscripts used to identify the domestic
and foreign case. Thus in the SDE satisﬁed by Yt we have a constant speed
of mean reversion matrix A and a constant instantaneous volatility matrix
















q. We assume that ˆ C
￿ I, ˆ B
￿ 2α
pt










Deﬁnition 2. A standard interest rate payer swap over the period
rTα,Tβ
s












q which is set at time Tα





￿ 1 where T0
￿ Tα. In a standard interest rate swap, the ﬁxed
rate K is chosen such that the value of the contract is equal to zero at the
start date of the contract Tα.
If α
￿ 0, we have a standard interest rate swap starting at time t
￿ 0
while for α
¡ 0, we have a forward starting swap. The value of a swap to
the payer at time t is given by the diﬀerence between the cash ﬂows received
by the payer and the cash ﬂows paid by the payer(see Chapter 13 in Musiela



















￿1. For a swap starting starting at time t
￿ 0, the market
practice is to choose the strike rate K such that the value of the swap is zero
at time t
￿ 0. Similarly for a swap starting at time t
¡ 0, there is a strike
rate such that the value of the swap is equal to zero at time t
￿ 0. We call

























Deﬁnition 3. A European payer swaption with maturity Tα gives the payer
the right but not the obligation to enter a standard payer swap over the period
rTα,Tβ
s at time Tα by paying a ﬁxed rate K which is agreed upon at the time
t
  Tα when the payer buys the swaption. If the rate K is lower than the
prevailing market swap rate Swapα,β
pTα
q, then the payer will exercise the
swaption but if K
¥ Swapα,β
pTα
q, it is not in the interest of the payer to
exercise the swaption.
Under the absence of arbitrage, we can use risk neutral valuation the-
ory(see, e.g.,Harrison and Pliska (1981)) to calculate the price of a swaption.
The price at time t
¤ Tα of a payer swaption which we denote by Swaptnα,β
pt
q



































To derive the ﬁrst analytic approximation we write the price of a swaption






























































































We now replace wi
pt




  t. This technique has been used in the context of approxi-
mations in the lognormal libor market model(LLM)(see Rebonato (1998),
d’Aspremont (2003)). Recently it has been used in the aﬃne factor model in
Schrager & Pelsser (2006) to approximate the swap rate as an aﬃne factor.
In this particular approximation we only freeze the weights wi
pt
q which gives
an approximation of the dynamics of Pα,β
pt




















































































































































































































































































































is a solution of (132) and can be used to approximate the process which is




Proof: Using Theorem 11 given in the appendix, we can show that
  aPα,β
pt



































































































































32Using the above equalities in the SDE given by (132) and the fact that the
weights wi
pt0


















































































































































































q. Next we indicate that



























































































































Now the sum in the last line of (135) consists of terms that are multiplied




q. Since the weights wi
pt0
q are less




q is even smaller. Therefore the contribution
of (135) to the drift appears to be not signiﬁcant. A similar statement can



































which has a similar structure to the quadratic term. We can also use the























































































































are equal to that of
  aP α,β
pt
q but (136) is obtained by taking weighted averages






￿ 1,...,β. Since the value of
the zero coupon bond price P
pt,Ti



















has a value which is less than zero. Therefore (136) has a value that is













  aP α,β
pt
q.
34For strike rates that are at the money or in the money and swap tenors less
than ﬁve years using





q given in (129) in
the swaption payoﬀ does not give much error in the swaption prices. However
using
  aP α,β
pt,T
q to approximate only the exercise region of the swaption
gives very good results for strike rates that are at the money, in the money
and out of the money even when the swap tenors are equal to or greater than
ﬁve years.
We ﬁrst show how we can use
  aPα,β
pt,T
q to approximate the exercise
region of Swaptnα,β
pt
q. In fact Swaptnα,β
pt




1. This exercise region can be approximated by






q is log-quadratic Gaussian, it will make it possible to use Fourier
techniques to compute the approximate price of the default free swaption.
The method of taking the Fourier transform of the option price with respect
to the strike value and inverting the transform to get the option price was
ﬁrst introduced by Carr & Madan (1998). For a detailed explanation of this
Fourier approach to option pricing, we refer the reader to Lee (2004). We
use the results presented Lee (2004) in this paper. We will see in numerical
experiments that this leads to an approximation that is accurate over a range
of strikes because we only approximate the exercise region. First we give some
deﬁnitions and notations. For simplicity we discuss valuation at time t
￿ 0.
Deﬁnition 4. The discounted characteristic function Φ
pz
q for z
P Rn of the








































s for the appropriate payoﬀ function G
px
q, since we
only need to multiply this value by P
p0,T
q to get the option price. In
general since characteristic functions are not deﬁned for z
P Rn, this ap-
proach requires a dampening of the option price by an appropriate factor
exp
pˆ αK
q for some ˆ α
¡ 0. Even if the characteristic function is deﬁned ev-
erywhere, it may be advantageous to dampen the option price since as shown
in Lee (2004) this yields additional formulas for inverting the transform. For
quadratic Gaussian random variables, the characteristic function is deﬁned
35everywhere(see,e.g, Mathai and Provost (1992) and therefore we do not need
to dampen the option price. We will not investigate the advantage of damp-



































The price of default free zero coupon bond prices in the quadratic Gaussian





































































￿ 0. In order to use the method of transforming the option price
with respect to the strike price as introduced in Carr and Madan (1998)







to make the approximate swaption price a function of ˜ K. As this is not the
strike price of the swaption but a pseudo strike price which is always equal
to zero, we do not have the computational advantage of using the discrete
fourier transform(DFT) or the fast fourier transform(FFT) to simultaneously
calculate the the prices of options at multiple strikes(see Lee (2004)) but this




36is strike dependent. However we can still use FFT to speed up the Fourier
inversion needed to calculate the swaption price for each strike price rather
than using a quadrature method to do the inversion. In Lee (2004), it is
shown that we can have a better error control of the Fourier inversion by
choosing to price the put or call option together with an optimum choice of
ˆ α to dampen the option price by exp
pˆ α ˜ K
q. We do not make an investigation
of the eﬃciency of the diﬀerent formulas for the numerical Fourier inversion
which are given in Lee (2004). Instead we choose ˆ α
￿ 0 or ˆ α
￿ 1 and use the
integration routine NIntegrate of the commercial package Mathematica
to do the Fourier inversion.









































































deﬁne a new measure
  Qα,β which is equivalent to the forward measure Tα.





























The approximate option price
  Swaptnα,β
p0, ˜ K
q is the sum of terms whose







¡ ˜ K, x
P R
n (143)













37and therefore we only need to use the one dimensional characteristic function
of Qα,β
pTα
q under Tα and under
  Q. Since we have the mean and variance-
covariance matrix of the Gaussian random vector YTα under Tα, we can
ﬁnd the characteristic function of the quadratic Gaussian random variable
Qα,β
pTα
q in closed form using Lemma 5.2(see the appendix). Even though
YTα is not a Gaussian random vector under
  Qα,β, we can still ﬁnd the char-
acteristic function of Qα,β
pTα
q under
  Qα,β in closed form. In fact using the
deﬁnition of





































































































Therefore we can calculate (145) using the fact that we can calculate the mean
and variance-covariance matrix of YTα under Ti but it is computationally
more eﬃcient to use Lemma 5.3 to calculate the mean and variance of YTα

















Hence the characteristic function of Qα,β
pTα
q under
  Qα,β can be calculated
using a weighted sum of the characteristic function of quadratic Gaussian
random variables. Note however that we have more calculations depending
on the tenor of the underlying swap as we have to consider a larger weighted









































s means the real part of a complex number and we choose ˜ K
￿ 0.
Notice that we only need the Fourier transform in (148) for ˆ α
￿ 0 since by
a change of variables we can move ˆ α
￿ 0 to the limits of integration. In fact






q to dampen the swaption
price in (148) as we can regard (149) as a contour integral in the complex
plane and this yields additional formulas for the swaption price. We refer
the reader to Lee (2004) for the diﬀerent formulas which can be used for
the numerical Fourier inversion of the transform along with a discussion of
error control in the inversion of the transform. Therefore using (145), we







































q denotes the characteristic function of Qα,β
pTα
q




q denotes the characteristic function of Qα,β
pTα
q
under Ti. Let us denote by CG3
p ˜ K
q the option price which is normalized by
the price of the zero coupon bond with maturity equal to the maturity of
the option where the payoﬀ is of type (143). Let ˆ CG3
pz
q denote the Fourier
transform4 of CG3
p ˜ K










4In general this transform does not exist for all values of z
P Cn but we do not need to
get into the details of the domain of existence for our problem since for quadratic forms
in Gaussian random variables the joint characteristic function is deﬁned everywhere.
39Then the problem of obtaining the option price through Fourier inversion for
















































￿ 0) by applying the above method,













































































  aP α,β
pTα
q to approximate the exercise region for the swaption





q which is the weighted sum of several
characteristic functions. A quicker way of calculating the swaption price is
to substitute


































































q with respect to the strike
price k. For such a payoﬀ function, Lee (2004) gives the Fourier transform














￿ z2 . (156)
To obtain the price of the option from the transform by integrating along a





























To minimize sampling and truncation error for the Fourier inversion Lee
(2004) recommends which choices of ˆ α to take and to use put-call parity
type relationships to price the corresponding put or call option depending on
the option type and the strike level. Here we do not investigate the various
ways of calculating the swaption price which can minimize the error in the
Fourier inversion as shown in Lee (2004). However since pricing the call type
of payoﬀ gives more ﬂexibility in choosing ˆ α as opposed to the put type payoﬀ











































































































s i.e. the option price normalized




































































































Once again we introduce a pseudo strike price ˜ K to use the Fourier technique
to calculate (164) and write Swaptnα,β
p0, ˜ K
q to enable us to take the Fourier







































q denote the option price normalized by the price of the default free
zero coupon bond of maturity equal to the maturity of the option correspond-
ing to the payoﬀ type (166) and let ˆ CG1
pk
q denote the Fourier transform of




q with respect to the strike price k.
The option price is then calculated through Fourier inversion(see (149)) as
we can calculate ˆ CG1
pk




































































Since we now have to invert only one characteristic function of a quadratic





￿ 0 is much faster than calculating
  Swaptnα,β
p0, ˜ K
q which requires two
Fourier inversions. One expects
  Swaptnα,β
p0, ˜ K
q is more accurate than
  Swaptn1α,β
p0, ˜ K
q as we only use
  aP α,β
pTα
q to approximate the exercise re-








when the tenor of the swap underlying the swaption is less than or equal to




as we will see in that replacing the weights wi
pt
q by their time zero val-
ues leads to an approximation error that is signiﬁcant when the maturity
of the swaption increases. We now give the results of the numerical ex-
periments conducted in a two factor quadratic Gaussian model where the







q are calculated. The data set we use is the data given
in chapter 7 of Pelsser (2000). This data set consists of of 36 cap and ﬂoor
prices observed on January 4, 1994. We calibrate a two factor quadratic
Gaussian model to this data. We assume that the mean reversion matrix A
given in (1) is a 2



















We ﬁnd that the prices of caps and ﬂoors do not depend on the value of
the instantaneous correlation between the two factors which is given by ρ as




￿ 0 gave the
same cap and ﬂoor prices. This conﬁrms the fact that the price of caps and
ﬂoors are not sensitive to correlation(see chapter 6 in Brigo and Mercurio









The following data lists the cap-ﬂoor data and the prices of the caps and ﬂoors
under the two factor quadratic Gaussian model for the calibrated parameters
given in (169). The values in the column with heading QG2F represent the
cap and ﬂoor prices under the quadratic Gaussian model while the column
with heading Mid is the average of the bid and ask quoted prices. The
maturity of the cap or ﬂoor is given under the column with heading T and
the corresponding strike price is given under the heading K. The discount
curve for this date is obtained from quoted rates of the 1,3,6 and 12 month
US-dollar money market rates and the swap-rates for maturities 2,3,4,5,7,and
10 years which is obtained from Datastream. Since we were not able to
get data on swap-rates for maturities greater than 10 years, we extend the
discount curve by extrapolation for the years 11 to 15. The discount curve
is obtained by interpolation using a piecewise cubic polynomial. To see the









q in the two factor quadratic Gaussian model
for the calibrated parameters given (169), we consider three diﬀerent strike
levels as in Schrager & Pelsser (2006). The swaption is said to be at the
money(ATM) if the strike level K is chosen to be the current swap rate(see
















We choose two other strike levels beside the ATM strike rate. A strike rate
which makes the swaption in the money(ITM) and a strike rate that makes
44Cap Data
T K Mid QG2F
1 0.0325 54.0 59.4
1 0.035 38.0 44.5
1 0.0375 25.5 32.13
2 0.05 47.0 46.0
2 0.055 28.0 27.8
2 0.06 16.55 16.5
3 0.05 142.0 143.3
3 0.055 99.5 100.8
3 0.06 69.5 70.1
4 0.05 277.0 275.5
4 0.055 210.0 206.8
4 0.06 158.5 154.0
5 0.065 205.0 201.2
5 0.07 160.0 154.4
5 0.075 127.0 118.0
10 0.065 661.0 711.2
10 0.07 549.0 591.5
10 0.075 457.0 491.3
Floor Data
T K Mid QG2F
1 0.0375 11.0 11.2
1 0.035 4.5 5.4
1 0.0325 3.0 2.16
2 0.045 74.0 74.8
2 0.04 32.0 33.9
2 0.035 8.5 10.2
3 0.045 93.5 92.3
3 0.04 41.0 41.8
3 0.035 11.5 12.9
4 0.045 110.0 106.6
4 0.04 50.0 48.5
4 0.035 16.0 15.4
5 0.055 346.0 323.2
5 0.05 226.0 209.8
5 0.045 131.0 119.2
10 0.055 510.0 495.8
10 0.05 335.0 327.8
10 0.045 196.0 194.0






















Table 2: Discount Curve
46the swaption out of the money(OTM). The swaptions that have the at the
money strike rate are denoted by ATM. The in the money swaptions are
denoted by ITM and their strike levels are chosen to be 85% of the strike
rate of the corresponding at the money swaption. The out of the money
swaptions are chosen such that their strike level is 1.15% of the strike level
of the corresponding ATM swaption. Since we can calculate the distribution
of the two dimensional Gaussian factor under the forward measure Tα(see
lemma 34), we can calculate the exact price of the swaption using the two






























































q denotes the mean of YTα under T and V
p0,Tα
q denotes the
variance-covariance matrix of YTα under T.
We give this exact value in the following table together with the relative








































q does not perform well for strike rates that are out
of the money and for swaptions on swaps of tenors that are equal to ten
years whereby the relative errors in the swaption prices increases with the
maturity of the swap. The relative errors of
  Swaptn1α,β
p0,0
q can come from
47Mat. Tenor
T 1 3 5 10
1 39.80(0.00%) 118.57(0.00%) 188.43(0.00%) 320.83(0.00%)
(0.01%) (0.09%) (0.26%) (1.03%)
3 68.88(0.00%) 194.12(0.00%) 301.14(0.00%) 505.5(0.00%)
(0.00%) (0.16%) (0.48%) (1.96%)
5 78.88(0.00%) 221.02(0.00%) 342.44(0.00%) 568.68(0.00%)
(0.00%) (0.21%) (0.61%) (3.38%)
Table 3: Relative Error(in %) for ATM Swaptions(price in bp)
Mat. Tenor
T 1 3 5 10
1 80.41(0.00%) 255.11(0.00%) 421.89(0.00%) 773.93(0.00%)
(0.00%) (0.03%) (0.09%) (0.32%)
3 110.51(0.00%) 317.83(0.00%) 502.29(0.00%) 900.52(0.00%)
(0.00%) (0.08%) (0.23%) (0.95%)
5 115.44(0.00%) 328.68(0.00%) 517.20(0.00%) 964.34(0.00%)
(0.01%) (0.12%) (0.35%) (1.76%)
Table 4: Relative Error(in %) for ITM Swaptions(price in bp)
Mat. Tenor
T 1 3 5 10
1 16.83(0.00%) 45.13(0.00%) 66.86(0.00%) 98.81(0.01%)
(0.02%) (0.28%) (0.91%) (4.22%)
3 40.77(0.00%) 111.85(0.00%) 169.56(0.00%) 258.53(0.00%)
(0.03%) (0.32%) (0.94%) (4.42%)
5 52.47(0.00) 144.13(0.00%) 218.98(0.00%) 311.75(0.01%)
(0.03%) (0.37%) (1.08%) (7.03%)
Table 5: Relative Error(in %) for OTM Swaptions(price in bp)





￿1,...,β by their time zero values. The second source of error is
48that the drift of
  aP α,β is diﬀerent from the drift of
  Pα,β(see (131) and (132)).
It appears from the results of the next section that the ﬁrst source of error
is more signiﬁcant than the second source of error.
4 Pricing Swaptions under the Swap Mea-
sure
In this section, we shall give another approximation that will make it possible
to approximate the price of a default free swaption. This approximation is
based on a single payoﬀ function and therefore the approximation formula
of this section requires less computation and is faster but is generally less
accurate than the approximation formulas given in the previous section.
As in the previous section, we assume we have a standard interest rate


















q the present value of a basis point(PVBP01) and
Qα,β denote the swap measure which is the measure corresponding to using
Pα,β
pt
q as the numeraire. To lighten the notation, we assume in this section
that α
￿ 0 and β
￿ n. Using the change of numeraire technique (El Karoui,
Geman & Rochet 1995), the following deﬁnition of the swap measure can be



























We give an approximation method which is similar to d’Aspremont (2003).
In d’Aspremont (2003), the method is applied to the lognormal market model
while here we are looking at log-quadratic Gaussian processes in a quadratic
Gaussian factor model rather than a market model.
Theorem 6. At time t
















Proof: The proof is straightforward and can be found in (Musiela and
Rutkowski 2005) but we give a short proof for completeness. First note that












































































Now using the deﬁnition of the swap measure the proof is complete.





























The forward libor Li
pt




s as seen from the date t under no arbitrage conditions. In the
quadratic Gaussian factor model default free zero coupon bond prices are log-
quadratic Gaussian and therefore ratios of zero coupon bonds can be written
















































Note that the diﬀerence 1
￿ P
pTα,Tn



































































































































































































Similar to the method used in Rebonato (1998) and d’Aspremont (2003) for
deriving analytic approximations to the price of swaptions, we replace the
weights vn
pTα


















































We now have a basket pricing problem where the basket consists of a weighted
















51Next we approximate the sum of log-quadratic processes through the method





























































































































































































































































replaced by their time zero values. The empirical fact that the weights can
be frozen is supported by approximations to the price of swaptions in market
models of interest rate(see, e.g. Rebonato (1998) or d’Aspremont (2003)). In
the lognormal model market model one can show that the weights have low
volatility(see d’Aspremont (2003)). The case τi
￿ τ,i
￿ 1,...,n is a special


































































q by its time zero value when making approximations.


















































by its time zero value.
We now replace ui
pt
q by its time t
￿ 0 value ui
p0

































































































As in the ﬁrst section we look for a tractable process that approximates
Fα,β
pt

































































53has a dynamics that is close to the SDE given by (186). This can be sup-
ported by looking at the dynamics of
  Fα,β
pt
q. Using Theorem 11 given in
Appendix ??, the SDE satisﬁed by
  Fα,β
pt






































































































































































































































































































































1,...,n, satisfy their corresponding Riccati equations to substitute the ap-
propriate expressions for the term involving the partial derivatives with re-








































































It appears that similar to what we have done in the proof of theorem 5 we




imately equal to the drift terms in the SDE of Fα,β
pt
q. However, we have
considered the dynamics of
  Fα,β
pt
q under the risk neutral measure Q but
what we need is the dynamics of
  Fα,β
pt
q under the swap measure which we
denoted by Qα,β. The dynamics of
  Fα,β
pt
q under Qα,β can be obtained by us-
ing Girsanov’s theorem. We ﬁrst use Itˆ o’s formula to derive the SDE satisﬁed
by Pα,β
pt

























































q under Qα,β is to use Girsanov’s theorem. Applying
Girsanov’s theorem we ﬁnd that the drift term of
  Fα,β
pt
q is diﬀerent from
zero. In comparison if we assume in (182) τi
￿ τ,i





























































q is a martingale under Qα,β, the drift term of Fα,β
pt
q
should be close to zero. However the drift of
  Fα,β
pt
q under Qα,β is diﬀerent




that under this assumption the SDE of
  Fα,β
pt
q will be approximately equal
to the SDE of Fα,β
pt
q. We also have to examine the dynamics of Yt under





































1,...,n are not deterministic, Yt is diﬀerent from a Gaussian Ornstein Uh-
lenbeck process. However if we replace wi
pt
q,i
￿ 1,...,n by their time zero
values, we get a Gaussian Ornstein Uhlenbeck process. Therefore the dy-
namics of Yt under Qα,β is close to Gaussian if we use the empirical fact(see
Rebonato (1998)) that weights wi
pt
q,i
￿ 1...,n can be assumed to be con-
stant for deriving analytic approximations. However we can ﬁnd the exact
mean and variance-covariance matrix of YTα under Qα,β conditional on Ft
even though the exact dynamics of Yt under Qα,β does not correspond to
that of a Gaussian process. To do so ﬁrst note that the mean of YTα under









































































































is the Radon-Nikodym density of Ti with respect to the measure Tα so that
we can just ﬁnd the mean and variance of YTα under this measure but it
is computationally more eﬃcient to use the result in Cherif et al. (1994).
First we can ﬁnd the distribution of the quadratic Gaussian factors under
the measure QTα in closed form. Suppose M
pt,Tα
q denotes the mean of YTα
under QTα conditional on Ft, and V
pt,Tα
q denotes the variance-covariance
matrix of YTα under QTα conditional on Ft. Under the quadratic Gaussian
model the zero coupon bond price P
pTα,Ti





















￿ 1,...,n, let Mi
pt,Tα
q denote the mean and Vi
pt,Tα
q denote the
variance-covariance matrix of YTα under the measure whose Radon-Nikodym


















































57Therefore we can calculate Mα,β
pt,Tα
q in closed form. Similarly the variance-
covariance matrix of YTα under Qα,β conditional on Ft which we denote
by Vα,β
pt,Tα
q can be calculated in closed form. Next we approximate Yt





q respectively. Under this approximation,
  Fα,β is a
log-quadratic Gaussian process. We now deﬁne a new approximation of the
price of the swaption Swaptnα,β
pK
q. Let the swaption price which is based
on ˜ Fα,β
pt




































q denote the option price which has payoﬀ type (202) and let ˆ CG1
pk
q
denote the Fourier transform of CG1
pk
q with respect to the strike price k. For
such a payoﬀ function, Lee (2004) gives the Fourier transform of the option













q is the characteristic function of the random variable x. To obtain
the price of the option from the transform by integrating along a contour





















For the quadratic Gaussian model we have the freedom to choose ˆ α to be
equal to zero or any other positive or negative number because the char-
acteristic function is deﬁned everywhere and depending on the choice of ˆ α,
one can minimize the error of the Fourier inversion(see Lee (2004) for a de-
tailed discussion). We do not investigate the eﬀect of choosing diﬀerent ˆ α




s i.e. the option price normalized
by the zero coupon bond of the option’s maturity
58on the swaption pricing but use ˆ α
￿ 1 for numerical tests. To calculate
  Swaptn3α,β
p ˜ K
q, we have to use the one dimensional characteristic function












































In the following we conduct numerical tests to calculate the relative er-
ror of this approximation in a two factor quadratic Gaussian model. The
parameters of the quadratic Gaussian model are obtained through calibra-
tion to the market data of the previous section(see Table 1 and (169) of
section 3). We give the exact value of the swaption by using two dimensional
integration(see (170) in the following table together with the relative error
in percentage of the approximate swaption price
  Swaptn3α,β
p ˜ K
q next to it












From the results given in Tables 6, 7 and 8, we see that we can get a
T Tenor
1 3 5
1 39.80(0.28%) 118.57(-0.22%) 188.43(-0.77%)
3 68.88(0.39%) 194.12(0.23%) 301.42(-0.03%)
5 78.88(0.17%) 221.02(0.32%) 342.44(0.00%)
Table 6: Relative Error(in %) for ATM Swaptions
good approximation of the swaption price using
  Fα,β to approximate Fα,β.
Therefore for maturities that are less or equal to ﬁve years and swap tenors
less or equal to ﬁve years, we can use
  Fα,β to approximate the swap rate
Swapα,β
pt
q given by (126). The errors of the swaption approximation we
considered in this section can be due to three reasons. The ﬁrst source of
error is that we replaced the weights in (183) by their time zero values in




1 80.41(0.25%) 255.11(0.06%) 421.89(-0.13%)
3 110.51(0.35%) 317.84(0.26%) 502.29 (0.11%)
5 115.45(0.16%) 328.68(0.33%) 517.2(0.15%)
Table 7: Relative Error(in %) for ITM Swaptions
T Tenor
1 3 5
1 16.83(0.30%) 45.12(-0.75%) 66.86(-1.93%)
3 40.77(0.42%) 111.85(0.19%) 169.55(-0.22%)
5 52.47(0.16%) 144.13(0.30%) 218.97(-0.18%)
Table 8: Relative Error(in %) OTM Swaptions
is not equal to the drift of Fα,β. The third source of error is that we have
approximated YTα which is a non-Gaussian process under Qα,β by a Gaussian
process which has mean and variance-covariance matrix that is equal to the
exact mean and variance-covariance matrix of YTα under Qα,β. In order to
ﬁnd the contribution of the log-quadratic approximation
  Fα,β to the error, we
calculated the price of the swaption using Fα,β. The price was calculated by
integrating the payoﬀ of the swaption using the probability density function
of a two dimensional Gaussian random variable with mean and variance-
covariance matrix equal to the exact mean and variance-covariance matrix



















































The results for the approximate swaption price based on (207) are pre-
sented in Table 9, Table 10 and Table 11. From the results, we see that,
(207) is more accurate for the swaptions with swap tenor equal to one year
60T Tenor
1 3 5
1 39.80(-0.08%) 118.57(-0.59%) 188.43(-1.07%)
3 68.88(-0.05%) 194.12(-0.17%) 301.42(-0.41%)
5 78.88(-0.02%) 221.02(-0.133%) 342.44(-0.51%)
Table 9: Relative Error(in %) for ATM Swaptions using (207)
T Tenor
1 3 5
1 80.41(-0.03%) 255.11(-0.2%) 421.89(-0.35%)
3 110.51(-0.03%) 317.84(-0.09%) 502.29 (-0.21%)
5 115.45(-0.01%) 328.68(-0.08%) 517.2(-0.31%)
Table 10: Relative Error(in %) for ITM Swaptions using (207)
while it has more error for swaptions with swap tenor equal to ﬁve years. We
also tested if we can improve (207) by using the exact probability density of




















































The results for the approximate swaption price based on (208) are presented
in Table 12, Table 13 and Table 14. From the results, we see that the price
based on (208) does not improve on the price based on (207). In fact for
the OTM swaptions where the swap tenor is equal to ﬁve years, we have
more error in the pricing. This shows that by replacing YTα by a Gaussian
process in (207), we actually have a better approximation of the distribution
of the payoﬀ of the swaption. It is clear from the above discussion that
the signiﬁcant source of error is in the freezing of the weights in (184). It
appears that when approximations to swaption prices are calculated on the
61T Tenor
1 3 5
1 16.83(-0.15%) 45.12(-1.23%) 66.86(-2.31%)
3 40.77(-0.07%) 111.85(-0.27%) 169.55(-0.64%)
5 52.47(-0.03%) 144.13(-0.19%) 218.97(-0.72%)
Table 11: Relative Error(in %) OTM Swaptions using (207)
T Tenor
1 3 5
1 39.80(-0.08%) 118.57(-0.59%) 188.43(-1.08%)
3 68.88(-0.05%) 194.12(-0.19%) 301.42(-0.47%)
5 78.88(-0.02%) 221.02(-0.17%) 342.44(-0.62%)
Table 12: Relative Error(in %) for ATM Swaptions using (208)
basis of the freezing of weights, we cannot ignore the volatility of the weights
when the maturity of the swaption is more than a year and the swap tenor
underlying the swaption has a tenor of more than ﬁve years. The error
becomes signiﬁcant when considering OTM swaptions.
T Tenor
1 3 5
1 80.41(-0.03%) 255.11(-0.21%) 421.89(-0.35%)
3 110.51(-0.03%) 317.84(-0.1%) 502.29 (-0.24%)
5 115.45(-0.01%) 328.68(-0.11%) 517.2(-0.38%)
Table 13: Relative Error(in %) for ITM Swaptions using (208)
62T Tenor
1 3 5
1 16.83(-0.15%) 45.12(-1.24%) 66.86(-2.35%)
3 40.77(-0.08%) 111.85(-0.3%) 169.55(-0.74%)
5 52.47(-0.03%) 144.13(-0.25%) 218.97(-0.9%)
Table 14: Relative Error(in %) OTM Swaptions using (208)
5 Appendix
In this appendix we provide two theorems which are given in the survey
article of Freiling (2002)(Theorem 3.1 and Theorem 3.5 of this reference). For
more detail regarding matrix Riccati diﬀerential equations(RDE), we refer
the reader to Freiling (2002). We also provide the characteristic function of a
quadratic form in Gaussian random variables(see, e.g., Mathai and Provost
(1992)). The proofs of Lemma ,Lemma ,Lemma ,Lemma ,and Lemma are
also given in this appendix.








q be piecewise continu-




￿ n and m
￿ m respectively. Furthermore we






































where Q and P are real or complex matrices with dimensions n
￿n and m
￿n






63According to Freiling (2002), the solution of (209) was ﬁrst given in Radon
(1927) and Radon (1928).
Theorem 7 (Radon’s lemma—version 1). (i) Let I be the n
￿ n identity
matrix and let W be on some interval J




￿ W0. If Q is for some t



























































is on some interval J
€ R the solution of (211)
such that the determinant of Q
pt
q

























Radon’s lemma which is given above by Theorem 7 is for the solution of
initial value RDE. We can adapt Theorem 7 to solve terminal value RDE.
A terminal value RDE is a matrix Riccati diﬀerential equation where as in


















for some value tf representing the terminal end point of an interval J
€ R.




q or a ﬁnite interval
rt0,tf
s for some ﬁnite t0
P R. Provided a solution
exists, we can also solve (213) by considering the associated terminal value


















q are deﬁned as in (210).




















































￿1 with respect to t shows that it is
the solution of (213).
Suﬃcient conditions on the initial value W
pt0
q guaranteing the existence
of a solution of the initial value RDE given by (209) are not known in the
general case. For some particular cases, a summary of the results that have
been obtained so far is given in Freiling (2002). Here we consider a special
case of RDE known as hermitian(or symmetric) matrix Riccati diﬀerential
equation where suﬃcient conditions for the existence of a solution can be
given. Let A
￿ denote the conjugate transpose of the matrix A. Consider the




















where Q,S and Pf are hermitian(or real symmetric) matrices. The terminal
value RDE given by (215) is known as a hermitian(or symmetric) matrix
Riccati diﬀerential equation(HRDE). The following theorem which is given
in Freiling (2002) gives suﬃcient conditions for the existence of the solution
of HRDE.




q and Pf are positive semi-deﬁnite, piece-
wise continuous and locally bounded for t
¤ tf. Let A
pt
q be piecewise contin-
uous and locally bounded for t



































Let rt denote the instantaneous rate of interest for an economy. Let D
pt
q
denote the savings account which is the value of investing one unit of currency
65at time t
￿ 0 and rolling over the account at the default free instantaneous











Let Q denote the risk neutral measure which is the measure under which
the value of a default free security discounted by the savings account is a
martingale. Let Wt denote an n-dimensional standard Brownian motion
under Q. We now assume that we have an Ornstein-Uhlenbeck Gaussian














Hence in this appendix Yt denotes a process with a non zero time dependent
drift function given by µ
pt
q. The matrices A and Σ are assumed to be time
dependent. In the following we provide the result which is given in Cherif et
al. (1994) as a lemma since it will be cited several times in this thesis.




























































Proof: See Cherif et al. (1994) for the proof of this lemma.
Assume that ri,i
￿ d,f are given by (7) and let W d
t denote a standard
Brownian motion under the domestic risk neutral measure Q. The following
lemma which is given in Cherif et al. (1994) gives a method for solving for
the foreign exchange rate.
Theorem 10 (Ch´ erif, El Karoui, Myneni, and Viswanathan ). A necessary
and suﬃcient condition for the factors Yt to be Gaussian under the domestic



























q is a square matrix and BS
pt
q is a vector which are both assumed
to be square integrable. Thus the instantaneous volatility of St is an aﬃne
function of the factors Yt. If we assume that St is a regular function of Yt
then CS
pt































































































































Proof: See Cherif et al. (1994).








where C is a square symmetric matrix, B is a vector and A is a constant,
the moment generating function of Q under the measure QT and conditional
























































Proof: See Mathai and Provost (1992) for a detailed discussion of the
proof.
The following theorem gives the dynamics of a log quadratic Gaussian
process.
67Theorem 11. Let























q is a symmetric matrix, B
r E
pt
q is a vector and A
r E
pt
q is a scalar
that are assumed to be diﬀerentiable with respect to t. Then
  Et is the solution

















































































































































Theorem 11 is proved in Cherif et al. (1994) using Itˆ o’s formula(Itˆ o
(1946)). We now consider securities whose payoﬀ at time T is log-quadratic
Gaussian. For such payoﬀs, we have the following lemma that is given in
Cherif et al. (1994)(see also Cheng and Scaillet (2004).



















at time T, then the discounted price7 of the domestic security which is denoted








































































































































































































represent the Radon Nikod´ ym density for the change of measure from the for-















q is the numeraire i.e. dis-
counting risk free assets by the numeraire Nt converts them into martingales











￿ the mean vector of Yt under N.







q and the mean vector MN
pt,T
q under the














































69Proof: The authors in Cherif et al. (1994) base the proof of the lemma
on the direct calculation using multivariate Gaussian densities. We give a
much shorter proof by using the moment generating function of a quadratic
form of Gaussian random variables which is given in Lemma (5.2). We now
calculate the moment generating function of Yt under N. Let ΦN
pt
q denote
the moment generating of Yt under N. Using the Radon Nikod´ ym density





















































We denote by QN
pT


































































using lemma 5.2(see (226)) by evaluating the moment generating function of
70the quadratic form QN
pT





















































































































































































































































































































which is the moment generating function of a multivariate Gaussian random
variable with mean vector and variance-covariance matrix as in the lemma.
This completes the proof of the lemma.
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